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For � satisfying a certain admissibility criteria, sufficient conditions are
obtained for the integral transform

V�ð f ÞðzÞ :¼

Z 1

0

�ðtÞ
f ðtzÞ

t
dt

to map normalized analytic functions f satisfying

Re ei� ð1� �þ 2�Þ
f ðzÞ

z
þ ð�� 2�Þ f 0ðzÞ þ �zf 00ðzÞ � �

� �
4 0

into the class of convex functions. Several interesting applications for
different choices of � are discussed. In particular, the smallest value �5 1 is
obtained that ensures a function f satisfying Re( f 0(z)þ�zf 00(z)þ
�z2f 0 0 0(z))4� is convex.

Keywords: duality; convolution; univalence; convex functions; integral
transforms

AMS Subject Classifications: 30C45; 30C80

1. Introduction

Let A denote the class of analytic functions f in the unit disc D :¼ {z2C : jzj5 1}
with the normalization f(0)¼ 0¼ f 0(0)� 1, and let S denote the subclass of A
consisting of univalent functions in D. A function f2A is starlike if it maps D onto a
starlike domain with respect to the origin, and f is convex if f(D) is a convex domain.
Analytically these are, respectively, equivalent to the conditions Re(zf 0(z)/f(z))4 0
and 1þRe(zf 00(z)/f 0(z))4 0 in D. Denote by S* and CV the classes of starlike and
convex functions, respectively. A function f2A is close-to-convex if there is a starlike
function g and a real number � such that

Re ei�
zf 0ðzÞ

gðzÞ

� �
4 0:
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The class of all such functions is denoted by CC. For any two functions

f(z)¼ zþ a2z
2
þ � � � and g(z)¼ zþ b2z

2
þ � � � in A, the Hadamard product (or

convolution) of f and g is the function f * g defined by

ð f � gÞðzÞ :¼ zþ
X1
n¼2

anbnz
n:

For f2A, Fournier and Ruscheweyh [1] investigated starlikeness properties of

the operator

FðzÞ ¼ V�ð f ÞðzÞ :¼

Z 1

0

�ðtÞ
f ðtzÞ

t
dt ð1Þ

over functions f in the class

Pð�Þ :¼ f2A : 9�2R with Re ei� f 0ðzÞ � �ð Þ4 0, z2D
� �

:

Here, � is a non-negative real-valued integrable function satisfying the conditionR 1
0 �ðtÞdt ¼ 1. Ali and Singh [2] used the duality principle [3, 13] to find a sharp

estimate of the parameter � that ensures V�( f ) is convex over P(�). In 2002, Choi et

al. [4] investigated convexity property of the integral transform (1) over functions f in

the class

P�ð�Þ :¼ f2A : 9�2R with Re ei� ð1� �Þ
f ðzÞ

z
þ �f 0ðzÞ � �

� �
4 0, z2D

� �
,

�2R. The class P�(�) is closely related to the class R�(�) defined by

R�ð�Þ :¼ f2A : 9�2R with Re ei� f 0ðzÞ þ �zf 00ðzÞ � �ð Þ4 0, z2D
� �

:

It is evident that f2R�(�) if and only if zf 0 belongs to P�(�).
Consider now the following class of functions that includes both classes P(�) and

P�(�). For �� 0, � � 0 and �5 1, define the class

W�ð�, �Þ :¼
n
f2A : 9�2R with

Re ei� ð1� �þ 2�Þ
f ðzÞ

z
þ ð�� 2�Þ f 0ðzÞ þ �zf 00ðzÞ � �

� �
4 0, z2D

�
:

ð2Þ

Thus P(�)�W�(1, 0), P�(�)�W�(�, 0), and R�(�)�W�(1þ 2�, �). The class

W�(�, �) is closely related to the class R(�, �, h) consisting of all solutions f2A

satisfying

f 0ðzÞ þ �zf 00ðzÞ þ �z2f 000ðzÞ � hðzÞ, z2D,

with h(z) :¼ h�(z)¼ (1þ (1� 2�)z)/(1� z). Here, g(z) a h(z) indicates the function g is

subordinate to h, or in other words, there is an analytic function w satisfying w(0)¼ 0

and jw(z)j5 1 such that g(z)¼ h(w(z)), z2D. When �¼ 0 in (2), it is clear that

f2R(�, �, h�) if and only if zf 0 belongs toW�(�, �). Every function f2R(�, �, h) for a
suitably normalized convex function h has a double integral representation, which

was recently investigated by Ali et al. [5].

2 R.M. Ali et al.1570
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Interestingly, the general integral transform V�( f ) in (1) reduces to various
well-known integral operators for specific choices of �. For example,

�ðtÞ :¼ ð1þ cÞtc, c4�1

gives the Bernardi integral operator, while the choice

�ðtÞ :¼
ðaþ 1Þp

�ð pÞ
ta log

1

t

� �p�1

, a4�1, p � 0

yields the Komatu operator [6]. Clearly, for p¼ 1 the Komatu operator is the
Bernardi operator.

For a certain choice of �, the integral operator V� in (1) is the convolution
between a function f and the Gaussian hypergeometric function F(a, b; c; z) :¼

2F1(a, b; c; z), which is related to the general Hohlov operator [7] given by

Ha,b,cð f Þ :¼ zFða, b; c; zÞ � f ðzÞ:

In the special case a¼ 1, the operator reduces to the Carlson-Shaffer operator [8].
Here, 2F1(a, b; c; z) is the Gaussian hypergeometric function given by the series

X1
n¼0

ðaÞnðbÞn
ðcÞnð1Þn

zn, z2D,

where the Pochhammer symbol is used to indicate (a)n¼ a(aþ 1)n�1, (a)0¼ 1, and
where a, b, c are complex parameters with c 6¼ 0,�1,�2 , . . . .

In a recent paper, Ali et al. [9] investigated starlikeness properties of the integral
transform (1) over the class W�(�, �). This article investigates convexity of the
integral transform V� over the class W�(�, �) by applying the duality principle.
Specifically, in Section 3, the best value �5 1 is determined that ensures V� maps
W�(�, �) into the class of convex functions CV. Necessary and sufficient conditions
are also derived that ensure V�( f ) is convex univalent. In Section 4, simpler sufficient
conditions for V�( f ) to be convex are derived. These are used in Section 5 in the
discussion of several interesting applications for specific choices of the admissible
function �. As a consequence, the smallest value �5 1 is obtained that ensures a
function f satisfying Re( f 0(z)þ �zf 00(z)þ �z2f 000(z))4� is convex in the unit disc. The
results obtained in this section extend and improve earlier works by several authors.
The final section is devoted to extending the main convexity result to the generalized
integral operator of the form �zþ (1� �)V�( f ), �5 1. The best value �5 1 is
obtained that ensures the latter operator maps W�(�, �) into the class CV.

2. Preliminaries

We use the notations introduced in [9]. Let �� 0 and 	� 0 satisfy

�þ 	 ¼ �� � and �	 ¼ �: ð3Þ

When � ¼ 0, then � is chosen to be 0, in which case, 	¼�� 0. When �¼ 1þ 2�, (3)
yields �þ 	¼ 1þ � ¼ 1þ�	, or (�� 1)(1� 	)¼ 0.

(i) For �4 0, choosing �¼ 1 gives 	¼ �.

Complex Variables and Elliptic Equations 31571
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(ii) For �¼ 0, then �¼ 0 and 	¼�¼ 1.

In the sequel, whenever the particular case �¼ 1þ 2� is considered, the values of �
and 	 for �4 0 will be taken as �¼ 1 and 	¼ �, respectively, while �¼ 0 and

	¼ 1¼ � in the case �¼ 0.
Next we introduce two auxiliary functions. Let

��,	ðzÞ ¼ 1þ
X1
n¼1

ðn	þ 1Þðn�þ 1Þ

nþ 1
zn, ð4Þ

and

 �,	ðzÞ ¼ �
�1
�,	ðzÞ ¼ 1þ

X1
n¼1

nþ 1

ðn	þ 1Þðn�þ 1Þ
zn

¼

Z 1

0

Z 1

0

ds dt

ð1� t	s�zÞ2
: ð5Þ

Here, ��1�,	 denotes the convolution inverse of ��,	 such that ��,	 � �
�1
�,	 ¼ 1=ð1� zÞ. If

�¼ 0, then �¼ 0, 	¼�, and it is clear that

 0,�ðzÞ ¼ 1þ
X1
n¼1

nþ 1

n�þ 1
zn ¼

Z 1

0

dt

ð1� t�zÞ2
:

If �4 0, then 	4 0, �4 0, and making the change of variables u¼ t	, v¼ s�

result in

 �,	ðzÞ ¼
1

�	

Z 1

0

Z 1

0

u1=	�1v1=��1

ð1� uvzÞ2
du dv:

Thus, the function  �,	 can be written as

 �,	ðzÞ ¼

1

�	

Z 1

0

Z 1

0

u1=	�1v1=��1

ð1� uvzÞ2
du dv, �4 0,

Z 1

0

dt

ð1� t�zÞ2
, � ¼ 0, � � 0:

8>>>><
>>>>:

Now let q be the solution of the initial-value problem

d

dt
t1=	qðtÞ ¼

1

�	
t1=	�1

Z 1

0

s1=��1
1� st

ð1þ stÞ3
ds, �4 0,

1

�
t1=��1

1� t

ð1þ tÞ3
, � ¼ 0, �4 0,

8>>><
>>>:

ð6Þ

satisfying q(0)¼ 0. It is easily seen that the solution is given by

qðtÞ ¼
1

�	

Z 1

0

Z 1

0

s1=��1w1=	�1 1� swt

ð1þ swtÞ3
ds dw ¼

X1
n¼0

ðnþ 1Þ2ð�1Þntn

ð1þ �nÞð1þ 	nÞ
: ð7Þ

4 R.M. Ali et al.1572
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In particular,

q�ðtÞ ¼
1

�

Z 1

0

s1=��1
1

ð1þ stÞ2
ds, �4 0, � ¼ 1þ 2�,

q�ðtÞ ¼
1

�
t�1=�

Z t

0


1=��1
1� 


ð1þ 
Þ3
d
, � ¼ 0, �4 0:

ð8Þ

3. Main results

Functions in the class W�(�, �) generally are not convex. The following is the main

result that gives conditions for convexity.

THEOREM 3.1 Let �� 0, 	� 0 satisfy (3), and let �5 1 satisfy

�� 1=2

1� �
¼ �

Z 1

0

�ðtÞqðtÞdt, ð9Þ

where q is the solution of the initial-value problem (6). Further let

�	ðtÞ ¼

Z 1

t

�ðxÞ

x1=	
dx, 	4 0, ð10Þ

��,	ðtÞ ¼

Z 1

t

�	ðxÞx
1=	�1�1=� dx, �4 0 ð�4 0, 	4 0Þ,

��ðtÞ, � ¼ 0 ð� ¼ 0, 	 ¼ �4 0Þ,

8<
: ð11Þ

and assume that t1/	�	(t)! 0, and t1/���,	(t)! 0 as t! 0þ. Let V� be given by (1)

and

hðzÞ ¼
zð1þ ��1

2 zÞ

ð1� zÞ2
, j�j ¼ 1: ð12Þ

Then

Re

Z 1

0

��,	ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0, �4 0,

Re

Z 1

0

�0,�ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0, � ¼ 0,

8>>><
>>>:

ð13Þ

if and only if F(z)¼V�( f )(z) is in CV for f2W�(�, �). This conclusion does not hold for

smaller values of �.

Proof Since the case �¼ 0 (�¼ 0 and 	¼ �) corresponds to Lemma 3(ii) in

[4, p. 121], it is sufficient to consider only the case �4 0.
Let

HðzÞ ¼ ð1� �þ 2�Þ
f ðzÞ

z
þ ð�� 2�Þ f 0ðzÞ þ �zf 00ðzÞ:

Complex Variables and Elliptic Equations 51573
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Since �þ 	¼�� � and �	¼ �, then

HðzÞ ¼ 1þ � � ð�� �Þð Þ
f ðzÞ

z
þ �� � � �ð Þ f 0ðzÞ þ �zf 00ðzÞ

¼ 1þ �	� �� 	ð Þ
f ðzÞ

z
þ �þ 	� �	ð Þ f 0ðzÞ þ �	zf 00ðzÞ:

With f ðzÞ ¼ zþ
P1

n¼2 anz
n, it follows from (4) that

HðzÞ ¼ 1þ
X1
n¼1

anþ1ðn	þ 1Þðn�þ 1Þzn ¼ f 0ðzÞ � ��,	ðzÞ, ð14Þ

and (5) yields

f 0ðzÞ ¼ HðzÞ �  �,	ðzÞ: ð15Þ

Let g be given by

gðzÞ ¼
HðzÞ � �

1� �
:

Since Re ei�g(z)4 0, the duality principle allows us to assume that

gðzÞ ¼
1þ xz

1þ yz
, jxj ¼ 1, j yj ¼ 1: ð16Þ

Now, (15) implies that f 0(z)¼ [(1� �)g(z)þ�] * �,	(z), and (16) readily gives

f ðzÞ

z
¼

1

z

Z z

0

ð1� �Þ
1þ xw

1þ yw
þ �

� �
dw �  ðzÞ, ð17Þ

where for convenience, we write  :¼ �,	.
If f2W�(�, �), a well-known result in [3, p. 94] states that

F2S�()
1

z
ðF � hÞðzÞ 6¼ 0, z2D,

where h is given by (12). Now F2CV if and only if zF 0 2S*, and thus

0 6¼
1

z
ðzF 0ðzÞ � hðzÞÞ

¼
1

z
ðFðzÞ � zh0ðzÞÞ ¼

1

z

Z 1

0

�ðtÞ
f ðtzÞ

t
dt � zh0ðzÞ

� 	

¼

Z 1

0

�ðtÞ

1� tz
dt �

f ðzÞ

z
� h0ðzÞ:

From (17), it follows that

0 6¼

Z 1

0

�ðtÞ

1� tz
dt �

1

z

Z z

0

ð1� �Þ
1þ xw

1þ yw
þ �

� �
dw �  ðzÞ

� 	
� h0ðzÞ

¼

Z 1

0

�ðtÞ

1� tz
dt � h0ðzÞ �

1

z

Z z

0

ð1� �Þ
1þ xw

1þ yw
þ �

� �
dw

� 	
�  ðzÞ

6 R.M. Ali et al.1574
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¼

Z 1

0

�ðtÞh0ðtzÞdt � ð1� �Þ
1

z

Z z

0

1þ xw

1þ yw
dwþ

�

1� �

� 	
�  ðzÞ

¼ ð1� �Þ

Z 1

0

�ðtÞh0ðtzÞdtþ
�

1� �

� 	
�
1

z

Z z

0

1þ xw

1þ yw
dw �  ðzÞ:

It is known [3, p. 23] that the dual set of functions g given by (16) consists of analytic

functions p satisfying p(0)¼ 1 and Re p(z)4 1/2 in D. Hence

0 6¼ ð1� �Þ

Z 1

0

�ðtÞ
1

z

Z z

0

h0ðtwÞdw

� �
dtþ

�

1� �

� 	
�
1þ xz

1þ yz
�  ðzÞ

()Reð1� �Þ

Z 1

0

�ðtÞ
1

z

Z z

0

h0ðtwÞdw

� �
dtþ

�

1� �

� 	
�  ðzÞ4

1

2

()Reð1� �Þ

Z 1

0

�ðtÞ
1

z

Z z

0

h0ðtwÞdw

� �
dtþ

�

1� �
�

1

2ð1� �Þ

� 	
�  ðzÞ4 0:

Using (9), the latter condition is equivalent to

Re

Z 1

0

�ðtÞ
1

z

Z z

0

h0ðtwÞdw� qðtÞ

� �
dt

� 	
�  ðzÞ4 0:

From (5), the above inequality is equivalent to

05Re

Z 1

0

�ðtÞ
X1
n¼0

zn

ðn	þ 1Þðn�þ 1Þ
� h0ðtzÞ � qðtÞ

 !
dt

¼ Re

Z 1

0

�ðtÞ

Z 1

0

Z 1

0

d� d

1� z�	�
� h0ðtzÞ � qðtÞ

� �
dt

¼ Re

Z 1

0

�ðtÞ

Z 1

0

Z 1

0

h0ðtz�	�Þd� d � qðtÞ

� �
dt,

which reduces to

Re

Z 1

0

�ðtÞ

Z 1

0

Z 1

0

1

�	
h0ðtzuvÞu1=	�1v1=��1dv du� qðtÞ

� 	
dt4 0:

A change of variable w¼ tu leads to

Re

Z 1

0

�ðtÞ

t1=	

Z t

0

Z 1

0

h0ðwzvÞw1=	�1v1=��1dv dw� �	t1=	qðtÞ

� 	
dt4 0:

Integrating by parts with respect to t and using (6) gives the equivalent form

Re

Z 1

0

�	ðtÞ

Z 1

0

h0ðtzvÞt1=	�1v1=��1dv� t1=	�1
Z 1

0

s1=��1
1� st

ð1þ stÞ3
ds

� 	
dt4 0:

Making the variable change w¼ vt and �¼ st reduces the above inequality to

Re

Z 1

0

�	ðtÞt
1=	�1=��1

Z t

0

h0ðwzÞw1=��1dw�

Z t

0

�1=��1
1� �

ð1þ �Þ3
d�

� 	
dt4 0,

Complex Variables and Elliptic Equations 71575
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which after integrating by parts with respect to t yields

Re

Z 1

0

��,	ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0:

Thus F2CV if and only if condition (13) holds.
To verify sharpness, let �0 satisfy

�0 � 1=2

1� �0
¼ �

Z 1

0

�ðtÞqðtÞdt:

Assume that �5�0 and let f2W�(�, �) be the solution of the differential equation

ð1� �þ 2�Þ
f ðzÞ

z
þ ð�� 2�Þ f 0ðzÞ þ �zf 00ðzÞ ¼ �þ ð1� �Þ

1þ z

1� z
:

From (14), it follows that

f ðzÞ ¼ zþ
X1
n¼1

2ð1� �Þ

ðn	þ 1Þðn�þ 1Þ
znþ1,

and

GðzÞ ¼

Z 1

0

�ðtÞ
f ðtzÞ

t
dt ¼ zþ

X1
n¼1

2ð1� �Þ

ðn	þ 1Þðn�þ 1Þ

Z 1

0

�ðtÞtn dt

� �
znþ1:

Thus

GðzÞ ¼ V�ð f ÞðzÞ ¼ zþ
X1
n¼1

2ð1� �Þ
n
ðn	þ 1Þðn�þ 1Þ

znþ1,

where 
n ¼
R 1
0 �ðtÞt

ndt: Now (7) implies that

�0 � 1=2

1� �0
¼ �

Z 1

0

�ðtÞqðtÞdt ¼ �
X1
n¼1

ðnþ 1Þ2ð�1Þn
n
ð1þ �nÞð1þ 	nÞ

:

This means that

ðzG0Þ0




z¼�1
¼ 1þ 2ð1� �Þ

X1
n¼1

ðnþ 1Þ2ð�1Þn
n
ð1þ �nÞð1þ 	nÞ

¼ 1�
1� �

1� �0
5 0:

Hence (zG0)0(z)¼ 0 for some z2D, and so zG0 is not even locally univalent in D.

Therefore the value of � in (9) is sharp. g

Remark 1 Theorem 3.1 yields several known results.

(1) When �¼ 0, then �¼ 0, 	¼ �, and in this particular instance,

Theorem 3.1 gives Lemma 3(ii) in Choi et al. [4, p. 121]. There the range

of � lies in [1/2, 1], whereas the range of � in Theorem 3.1 for this particular

case is �4 0.
(2) The special case �¼ 1 above yields a result of Ali and Singh [2, Theorem 1(ii),

p. 301].

8 R.M. Ali et al.1576
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If �¼ 1þ 2�, then �¼ 1 and 	¼ � for �4 0, while �¼ 0 and 	¼ �¼ 1 for �¼ 0.

In this instance, Theorem 3.1 gives the following result.

COROLLARY 3.2 Let f2W�(1þ 2�, �)¼R�(�), � � 0, and let �5 1 satisfy

�� 1=2

1� �
¼ �

Z 1

0

�ðtÞq�ðtÞdt,

where q� is given by (8). Further, let �� be defined by (10),

��ðtÞ ¼

Z 1

t

��ðsÞs
1=��2ds, �4 0 ,

Z 1

t

�ðsÞ

s
ds, �=0 ,

8>>>>><
>>>>>:

ð18Þ

and h be given by (12). Then

Re

Z 1

0

��ðtÞ h0ðtzÞ �
1� t

ð1þ tÞ3

� �
dt4 0,

if and only if F(z)¼V�( f )(z) is in CV. The conclusion does not hold for smaller values

of �.

4. Convexity criteria of integral transforms

The conditions stipulated in Theorem 3.1 can be cumbersome to use. A simpler

sufficient condition for convexity of the integral operator (1) is now given in the

following theorem. The following lemma of Fournier and Ruscheweyh [1, Theorem

1, p. 530] is required.

LEMMA 4.1 Let � be integrable on [0, 1], and positive on (0, 1). If �(t)/(1� t2) is

decreasing on (0, 1), then L�(CC)¼ 0, where

L�ð f Þ ¼ inf
z2D

Z 1

0

�ðtÞ Re
f ðtzÞ

tz
�

1

ð1þ tÞ2

� �
dt ð f2SÞ

and

L�ðCCÞ ¼ inf
f2CC

L�ð f Þ:

THEOREM 4.2 Let ��,	 and �	 be given as in Theorem 3.1. Assume that both ��,	

and �	 are integrable on [0, 1], and positive on (0, 1). Assume further that �� 1 and

�	ðtÞt
1=	�1=� þ ð1� 1=�Þ��,	ðtÞ

1� t2
is decreasing on ð0, 1Þ: ð19Þ

If � satisfies (9), and f2W�(�, �), then V�( f )2CV.
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Proof Integrating by parts with respect to t yields

Re

Z 1

0

��,	ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt

¼ Re

Z 1

0

��,	ðtÞt
1=��1 @

@t

hðtzÞ

z
�

t

ð1þ tÞ2

� �
dt

¼ Re

Z 1

0

t1=��1 �	ðtÞt
1=	�1=� þ 1�

1

�

� �
��,	ðtÞ

� �
hðtzÞ

tz
�

1

ð1þ tÞ2

� �
dt:

The function t1/��1 is decreasing on (0, 1) when �� 1. Thus, the condition (19) along

with Lemma 4.1 yields

Re

Z 1

0

��,	ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0:

The desired conclusion now follows from Theorem 3.1. g

Let us scrutinize Theorem 4.2 for helpful conditions to ensure convexity of V�( f ).

Now for �4 0,

��,	ðtÞ ¼

Z 1

t

�	ð yÞ y
1=	�1�1=� dy and �	ðtÞ ¼

Z 1

t

�ðxÞ

x1=	
dx:

To apply Theorem 4.2, it is sufficient to show that the function

kðtÞ ¼
�	ðtÞt

1=	�1=� þ ð1� 1=�Þ��,	ðtÞ

1� t2
:¼

pðtÞ

1� t2

is decreasing in the interval (0, 1). Note that k(t)4 0 and decreasing in the interval

(0, 1) provided

qðtÞ :¼ pðtÞ þ
1� t2

2
t�1p0ðtÞ � 0:

Since q(1)¼ 0, this will certainly hold if q is increasing in (0, 1). Now

q0ðtÞ ¼
1� t2

2
t�2½tp00ðtÞ � p0ðtÞ	,

and

tp00ðtÞ � p0ðtÞ ¼ ��ðtÞt�1=�
1

	
�

1

�
� 2þ

t�0ðtÞ

�ðtÞ

� �

þ
1

	
�

1

�
� 2

� �
1

	
� 1

� �
t1=	�1=��1�	ðtÞ:

Thus, tp00(t)� p0(t) is non-negative if

1

	
�

1

�
� 2þ

t�0ðtÞ

�ðtÞ
� 0 and

1

	
�

1

�
� 2

� �
1

	
� 1

� �
� 0: ð20Þ

10 R.M. Ali et al.1578
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For �� 1, condition (3) implies 	��� 1. Thus, condition (20) is equivalent to

t�0ðtÞ

�ðtÞ
� 2þ

1

�
�
1

	
, 	 � � � 1:

These observations result in the following theorem.

THEOREM 4.3 Let � be a non-negative real-valued integrable function on [0, 1].

Assume that �	 and ��,	 given by (10) and (11) are both integrable on

[0, 1], and positive on (0, 1). Under the assumptions stated in Theorem 3.1, if �
satisfies

t�0ðtÞ

�ðtÞ
� 2þ

1

�
�
1

	
, 	 � � � 1, ð21Þ

then F(z)¼V�( f )(z)2CV. The conclusion does not hold for smaller values of �.

Remark 1 The condition �� 1 is equivalent to 05 � ��� 2�þ 1.

Taking �¼ 1þ 2�, �4 0 and �¼ 1 in Theorem 4.3 yields the following result.

COROLLARY 4.4 Let � be a non-negative real-valued integrable function on [0, 1]. Let

f2W�(1þ 2�, �)¼R�(�), � 2 [1,1), and let �5 1 satisfy

�� 1=2

1� �
¼ �

Z 1

0

�ðtÞq�ðtÞdt,

where q� is given by (8). Assume further that �1,� and �� are integrable on [0, 1] and

positive on (0, 1). If � satisfies

t�0ðtÞ

�ðtÞ
� 3�

1

�
,

then F(z)¼V�( f )(z)2CV. The conclusion does not hold for smaller values of �.

In the case �¼ 0 and �� 1 (�¼ 0, 	¼�), an easier sufficient

condition for convexity of the integral operator (1) is obtained in the following

theorem.

THEOREM 4.5 Let � be a non-negative real-valued integrable function on [0, 1].

Assume that �� and �0,� given by (10) and (11) are both integrable on [0, 1], and

positive on (0, 1). Under the assumptions stated in Theorem 3.1, if �(1)¼ 0 and �
satisfies

t�00ðtÞ �
1

�
�0ðtÞ4 0, � � 1, ð22Þ

then F(z)¼V�( f )(z)2CV. The conclusion does not hold for smaller values of �.

Proof From Theorem 3.1, it suffices to show that

Re

Z 1

0

�0,�ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0, � ¼ 0:
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Integrating by parts with respect to t yields

Re

Z 1

0

�0,�ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt

¼ Re

Z 1

0

t1=��1 t1�1=��ðtÞ þ 1�
1

�

� �
��ðtÞ

� �
hðtzÞ

tz
�

1

ð1þ tÞ2

� �
dt:

The function t1/��1 is decreasing on (0, 1) when �� 1. Thus, the condition

t1�1=��ðtÞ þ 1� 1
�

� �
��ðtÞ

1� t2
is decreasing on ð0, 1Þ

along with Lemma 4.1 will yield

Re

Z 1

0

�0,�ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0:

Let p(t)¼ k(t)/(1� t2), where k(t)¼ t1�1/��(t)þ (1� 1/�)��(t). Taking the loga-

rithmic derivative of p and using the fact that p(t)4 0 for �� 1, the condition

p0(t)� 0 in (0, 1) is equivalent to the inequality

qðtÞ ¼ kðtÞ þ t�1k0ðtÞ
1� t2

2
� 0:

Clearly q(1)¼ 0 and if q is increasing in (0, 1), then p will be decreasing in (0, 1).

Direct computations show that q0(t)� 0 provided (t�1k0(t))0 � 0. Since

ðt�1k0ðtÞÞ0 ¼ t�1=��1 t�00ðtÞ �
1

�
�0ðtÞ

� �
,

the desired result follows from (22). g

5. Applications to several integral transforms

In this section, various well-known integral operators are considered, and conditions

for convexity for f2W�(�, �) under these integral operators are obtained. First let �
be defined by

�ðtÞ ¼ ð1þ cÞtc, c4�1:

Then the integral transform

FcðzÞ ¼ V�ð f ÞðzÞ ¼ ð1þ cÞ

Z 1

0

tc�1f ðtzÞdt, c4�1 ð23Þ

is the Bernardi integral operator. The classical Alexander and Libera transforms are

special cases of (23) with c¼ 0 and c¼ 1, respectively. For this special case of �, the
following result holds.

12 R.M. Ali et al.1580
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THEOREM 5.1 Let c4�1, 05 � ��� 1þ 2�, and �5 1 satisfy

�� 1=2

1� �
¼ �ðcþ 1Þ

Z 1

0

tcqðtÞdt,

where q is given by (7). If f2W�(�, �), then the function

V�ð f ÞðzÞ ¼ ð1þ cÞ

Z 1

0

tc�1f ðtzÞdt

belongs to CV provided

c � 2þ
1

�
�
1

	
, 	 � � � 1:

The value of � is sharp.

Proof With �(t)¼ (1þ c)tc, then t�0(t)/�(t)¼ c, and the result readily follows from

Theorem 4.3. g

When �¼ 1þ 2�, �4 0, and �¼ 1, Theorem 23 yields the following result.

COROLLARY 5.2 Let �15 c� 3� 1/�, � 2 [1,1), and �5 1 satisfy

�� 1=2

1� �
¼ �ðcþ 1Þ

Z 1

0

tcq�ðtÞdt,

where q� is given by (8). If f2W�(1þ 2�, �)¼R�(�), then the function

V�ð f ÞðzÞ ¼ ð1þ cÞ

Z 1

0

tc�1f ðtzÞdt

belongs to CV. The value of � is sharp.

The case c¼ 0 in Theorem 5.1 yields the following interesting result, which we

state as a theorem.

THEOREM 5.3 Let 05 � ��� 1þ 2�. If F2A satisfies

Re F 0ðzÞ þ �zF 00ðzÞ þ �z2F 000ðzÞ
� �

4�

in D, and �5 1 satisfies

�� 1=2

1� �
¼ �

Z 1

0

qðtÞdt,

where q is given by (7), then F is convex. The value of � is sharp.

Proof It is evident that the function f¼ zF0 belongs to the class

W�,0ð�,�Þ ¼ f2A : Re ð1� �þ 2�Þ
f ðzÞ

z
þ ð�� 2�Þ f 0ðzÞ þ �zf 00ðzÞ

� �
4�, z2D

� �
:

Thus

FðzÞ ¼

Z 1

0

f ðtzÞ

t
dt:

Complex Variables and Elliptic Equations 131581
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The conditions on � and � imply that 1��� 	. Thus the result now follows from

Theorem 5.1 with c¼ 0. It is also evident from the proof of sharpness in Theorem 3.1

that the extremal function inW�(�, �) indeed also belongs to the classW�,0(�, �). g

Example 5.4 If �¼ 1, �¼ 3, then �¼ 1¼ 	. In this case, (7) yields �¼ (1� 2 ln 2)/

2(1� ln 2)¼�0.629445. Thus

Re f 0ðzÞ þ 3zf 00ðzÞ þ z2f 000ðzÞ
� �

4�) f 2CV:

THEOREM 5.5 Let b4�1, a4�1 and 05 � ��� 2�þ 1. Let �5 1 satisfy

�� 1=2

1� �
¼ �

Z 1

0

�ðtÞqðtÞdt,

where q is given by (7) and

�ðtÞ ¼
ðaþ 1Þðbþ 1Þ

tað1� tb�aÞ

b� a
, b 6¼ a,

ðaþ 1Þ2ta logð1=tÞ, b ¼ a:

8<
: ð24Þ

If f2W�(�, �), then

Gf ða, b; zÞ ¼

ðaþ 1Þðbþ 1Þ

b� a

Z 1

0

ta�1ð1� tb�aÞf ðtzÞdt, b 6¼ a,

ðaþ 1Þ2
Z 1

0

ta�1 logð1=tÞ f ðtzÞdt, b ¼ a,

8>>><
>>>:

ð25Þ

belongs to CV provided

a � 2þ
1

�
�
1

	
, 	 � � � 1: ð26Þ

The value of � is sharp.

Proof It is easily seen that
R 1
0 �ðtÞdt ¼ 1. There are two cases to consider. When

b 6¼ a, then

t�0ðtÞ

�ðtÞ
¼ a�

ðb� aÞtb�a

1� tb�a
:

The function � satisfies (21) if

a�
ðb� aÞtb�a

1� tb�a
� 2þ

1

�
�
1

	
, 	 � � � 1: ð27Þ

Since t2 (0, 1), the condition b4 a implies (b� a)tb�a/(1� tb�a)4 0, and so

inequality (27) holds true whenever a satisfies (26). When b5 a, then (a� b)/

(ta�b� 1)5 b� a, and hence a� (b� a)tb�a/(1� tb�a)5 b5 a, and thus (27) holds if

a satisfies (26).
For the case b¼ a, then

t�0ðtÞ

�ðtÞ
¼ a�

1

logð1=tÞ
:

14 R.M. Ali et al.1582
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Since t5 1 implies 1/log(1/t)� 0, condition (21) is satisfied provided a satisfies (26).

This completes the proof. g

The simpler condition (21) can also be applied to the choice

�ðtÞ ¼
ð1þ aÞp

�ð pÞ
ta log

1

t

� �� �p�1

, a4�1, p � 0:

The integral transform V� in this case takes the form

V�ð f ÞðzÞ ¼
ð1þ aÞp

�ð pÞ

Z 1

0

log
1

t

� �� �p�1

ta�1f ðtzÞdt, a4�1, p � 0:

This is the Komatu operator, which reduces to the Bernardi integral operator when

p¼ 1. For this �, the following result holds.

THEOREM 5.6 Let a4 p� 2��1 and 05 � � �� 2�þ 1. Let �5 1 satisfy

�� 1=2

1� �
¼ �
ð1þ aÞp

�ð pÞ

Z 1

0

ta log
1

t

� �� �p�1

qðtÞdt,

where q is given by (7). For f2W�(�, �), the function

�pða; zÞ � f ðzÞ ¼
ð1þ aÞp

�ð pÞ

Z 1

0

log
1

t

� �� �p�1

ta�1f ðtzÞdt ð28Þ

belongs to CV provided

a � 2þ
1

�
�
1

	
, 	 � � � 1: ð29Þ

The value of � is sharp.

Proof Brief computations show that

t�0ðtÞ

�ðtÞ
¼ a�

ð p� 1Þ

logð1=tÞ
:

Since log(1/t)4 0 for t2 (0, 1), and p� 1, condition (21) is satisfied whenever a

satisfies (29). g

We next apply Theorem 4.5 to the case �(1)¼ 0 as shown by the following two

theorems.

THEOREM 5.7 Suppose a4�1, b4�1, �� 1 are related by

(1) �15 a� 0 and a¼ b, or
(2) �15 a� 0 and �15 a5 b� 1þ 1/�.

Let �5 1 satisfy

�� 1=2

1� �
¼ �

Z 1

0

�ðtÞqðtÞdt,

where q and � are given by (8) and (24), respectively. If f2W�(�, 0)¼P�(�), then
Gf(a, b; z) defined by (25) belongs to CV. The value of � is sharp.
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Proof To apply Theorem 4.5, it suffices to verify inequality (22) for � defined by

(24). It is seen that

�0ðtÞ ¼

ðaþ 1Þðbþ 1Þ

b� a
ta�1ða� btb�aÞ, b4 a,

ðaþ 1Þ2 �1þ a log
1

t

� �� �
ta�1, b ¼ a,

8>>><
>>>:

and

t�00ðtÞ ¼

ðaþ 1Þðbþ 1Þ

b� a
ta�1ðaða� 1Þ � bðb� 1Þtb�aÞ, b4 a,

ðaþ 1Þ2 1� 2aþ aða� 1Þ log
1

t

� �� �
ta�1, b ¼ a:

8>>><
>>>:

Case i Let b¼ a4�1. Substituting the expression for �0 and t�00 in (22) yields the

equivalent condition

a log
1

t

� �
a�

1

�
� 1

� �
þ �2aþ

1

�
þ 1

� �
� 0:

This clearly holds for t2 (0, 1) whenever �15 a�min{0, 1þ1/�, (1þ1/�)/2}¼ 0.

Case ii Let b4 a4�1 with a2 (�1, 0] and �15 b� 1þ 1/�. In this case,

condition (22) is equivalent to  t(a)� t(b), where

 tðaÞ ¼ aða� 1Þta �
1

�
ata:

For a fixed t,

 0tðaÞ ¼ ta 2a� 1�
1

�
� a2 log

1

t

� �
þ a 1þ

1

�

� �
log

1

t

� �� �
,

that is,  0tðaÞ � 0 for a2 (�1, 0). Thus,  t(a) is a decreasing function of a for each

fixed t2 (0, 1). In particular, for b4 a with b2 (�1, 0) and a2 (�1, 0), inequality (22)

holds. When b4 a with 05 b� 1þ 1/�, then  t(a)� t(0)¼ 0 for each fixed

t2 (0, 1). For 05 b� 1þ 1/�,

 tðbÞ ¼ btb b� 1�
1

�

� �
� 0:

It follows then that  t(a)� 0� t(b) holds for each fixed t2 (0, 1). Thus, inequality

(22) holds for b4 a4�1 with a2 (�1, 0] and 05 b� 1þ 1/�. g

Remark 1 The conditions b4�1 and a4�1 in Theorem 5.7 yield several

improvements of known results.

(1) Taking �¼ 0 and �� 1 in Theorem 5.7 leads to a result extending

Theorem 3.4 obtained in [10, p. 12] for the case �2 [1/2, 1]. When �¼ 1,

16 R.M. Ali et al.1584
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the range of b there lies in (�1, 0], whereas the range of b in Theorem 5.7 lies

in the larger interval (�1, 2].
(2) �¼ 1 above leads to improvement of a result obtained by Ponnusamy and

Rønning [11, Corollary 3.2]. There the parameters b4 a4�1 must satisfy a

fairly complicated equation to deduce Gf(a, b; z) is starlike of order 1/2. In our

present situation, the conditions on the parameters a and b are simpler to

infer convexity.
(3) For �¼ 1, �¼ 0, a¼�� and b¼��þ 2, Theorem 5.7 reduces to Corollary 1

[2, p. 302] and Corollary 1 in [12, pp. 915–916, (�¼ 0)].

Now let � be defined by �ð1� tÞ ¼ 1þ
P1

n¼1 bnð1� tÞn, bn� 0 for n� 1, and

�ðtÞ ¼ Ktb�1ð1� tÞc�a�b�ð1� tÞ, ð30Þ

where K is a constant chosen such that
R 1
0 �ðtÞdt ¼ 1.

THEOREM 5.8 Let a, b, c4 0 and �� 1. Let �5 1 satisfy

�� 1=2

1� �
¼ �K

Z 1

0

tb�1ð1� tÞc�a�b�ð1� tÞqðtÞdt,

where q is given by (8), and K is a constant such that K
R 1
0 tb�1ð1� tÞc�a�b�ð1� tÞ ¼ 1.

If f2W�(�, 0), then the function

V�ð f ÞðzÞ ¼ K

Z 1

0

tb�2ð1� tÞc�a�b�ð1� tÞ f ðtzÞdt

belongs to CV provided

c � aþ bþ 1 and 05 b � 1:

The value of � is sharp.

Proof As in the earlier proof, it suffices to verify inequality (22). Consider � given

by (30). Direct computations show that

�0ðtÞ ¼ Ktb�2ð1� tÞc�a�b�1
�
ðb� 1Þð1� tÞ � ðc� a� bÞt

�
�ð1� tÞ � tð1� tÞ�0ð1� tÞ

�
,

and

t�00ðtÞ ¼ Ktb�2ð1� tÞc�a�b�2
�
ðb� 1Þðb� 2Þð1� tÞ2

� 2ðb� 1Þðc� a� bÞtð1� tÞ þ ðc� a� bÞðc� a� b� 1Þt2
�
�ð1� tÞ

þ
�
2ðc� a� bÞt� 2ðb� 1Þð1� tÞ

�
tð1� tÞ�0ð1� tÞ þ t2ð1� tÞ2�00ð1� tÞ

�
:

Thus, (22) is satisfied provided

 ðtÞ ¼ �ð1� tÞXðtÞ þ tð1� tÞ�0ð1� tÞYðtÞ þ t2ð1� tÞ2�00ð1� tÞ � 0,
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where

XðtÞ ¼ ð1� tÞ2ðb� 1Þ �
1

�
þ b� 2

� �
� ðc� a� bÞtð1� tÞ �

1

�
þ 2b� 2

� �
þ ðc� a� bÞðc� a� b� 1Þt2,

YðtÞ ¼ 2ðc� a� bÞtþ ð1� tÞ
1

�
� 2bþ 2

� �
:

Since �ð1� tÞ ¼ 1þ�1n¼1bnð1� tÞn, bn� 0 for n� 1, the functions �(1� t), �0(1� t)

and �00(1� t) are non-negative for t2 (0, 1). Therefore, it suffices to show

XðtÞ � 0 and YðtÞ � 0,

and these evidently hold provided c� aþ bþ 1 and 05 b�min{1, 2þ 1/�, (2þ 1/�)/
2}¼ 1. g

Remark 2 For �¼ 0 and �� 1, Theorem 5.8 extends Theorem 3.1 in [10, p. 9, (�¼ 0)]

for �2 [1/2, 1]. When �¼ 1, the range of b obtained in [10] lies in the interval (0, 1/2],

whereas the range of b obtained in Theorem 5.8 for this particular case lies in (0, 1].

Remark 3 As shown in [10], choosing

�ð1� tÞ ¼ F c� a, 1� a, c� a� bþ 1; 1� tð Þ

gives

K ¼
�ðcÞ

�ðaÞ�ðbÞ�ðc� a� bþ 1Þ
:

In this case, V�( f ) reduces to the Hohlov operator given by

V�ð f ÞðzÞ ¼ Ha,b,cð f ÞðzÞ ¼ zFða, b; c; zÞ � f ðzÞ

¼ K

Z 1

0

tb�2ð1� tÞc�a�bF c� a, 1� a, c� a� bþ 1; 1� tð Þ f ðtzÞdt,

where a4 0, b4 0 and c� a� bþ 14 0. In particular, for a¼ 1, b¼ a and c¼ aþ b,

Theorem 5.8 yields Corollary 2 in [2, p. 302] and Corollary 2 in [12, p. 916, (�¼ 0)].

In the case �¼ 0 and �� 1, Theorem 5.8 extends Theorem 1 in [4, p. 122] and

Theorem 3.2 in [10, p. 11]. When �¼ 1, the range of b obtained in [10] lies in the

interval (0, 1/2], whereas the range of b in Theorem 5.8 lies in (0, 1]. This result

improves Theorem 1 as well obtained by Choi et al. [4] for the particular case �¼ 1.

Choosing now [10, Theorem 3.3, p. 12]

�ð1� tÞ ¼
logð1=tÞ

1� t

� �p�1

in Theorem 5.8 yields the following interesting result, which we state as a theorem.

THEOREM 5.9 Let �15 a� 0, �� 1 and p� 2. Let �5 1 satisfy

�� 1=2

1� �
¼ �
ð1þ aÞp

�ð pÞ

Z 1

0

ta log
1

t

� �p�1

qðtÞdt,
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where q is given by (8). If f2W�(�, 0), then the function �p(a; z) * f(z) defined by (28)

belongs to CV. The value of � is sharp.

Proof Choose

�ð1� tÞ ¼
logð1=tÞ

1� t

� �p�1

,

c� a� b¼ p� 1 and b¼ aþ 1 so that � defined by Equation (30) takes the form

�ðtÞ ¼ Ktað1� tÞp�1�ð1� tÞ, K ¼
ð1þ aÞp

�ð pÞ
:

The desired result now follows from Theorem 5.8. g

Remark 4 For the particular case �¼ 1, this result improves Theorem 3.3 by

Balasubramanian et al. [10], where the range of a obtained there has been improved

from (�1,�1/2] to (�1, 0].

6. Starlikeness and convexity of a generalized operator

In [2], Ali and Singh generalized the operator (1) to the case

V�ð f ÞðzÞ :¼ �zþ ð1� �ÞV�ð f Þ ¼ z

Z 1

0

�ðtÞ
1� �tz

1� tz
dt � f ðzÞ, �5 1: ð31Þ

In this final section, Theorem 3.1 is generalized to obtain conditions on � such that

V�( f )2S* or CV for f2W�(�, �). The proofs are similar to the proof of Theorem 3.1,

and are therefore omitted.

THEOREM 6.1 Let ��,	 and �	 be given as in Theorem 3.1. Assume that both ��,	

and �	 are integrable on [0, 1], and positive on (0, 1). Assume further that �5 1 and

f2A. Let � satisfy

1

2ð1� �Þð1� �Þ
¼

Z 1

0

�ðtÞ
1� gðtÞ

2

� �
dt,

where g is the solution of the initial-value problem

d

dt
t1=	ð1þ gðtÞÞ ¼

2

�	
t1=	�1

Z 1

0

s1=��1

ð1þ stÞ2
ds, �4 0,

2

�

t1=��1

ð1þ tÞ2
, � ¼ 0, �4 0,

8>>><
>>>:

ð32Þ

with g(0)¼ 1. Then

Re

Z 1

0

��,	ðtÞt
1=��1 hðtzÞ

tz
�

1

ð1þ tÞ2

� �
dt4 0, �4 0,

Re

Z 1

0

�0,�ðtÞt
1=��1 hðtzÞ

tz
�

1

ð1þ tÞ2

� �
dt4 0, � ¼ 0,

8>>><
>>>:
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if and only if V�( f ) is in S* for f2W�(�, �). The conclusion does not hold for smaller

values of �.

THEOREM 6.2 Let ��,	 and �	 be given as in Theorem 3.1. Assume that both ��,	

and �	 are integrable on [0, 1], and positive on (0, 1). Assume further that �5 1 and

f2A. Let �5 1 satisfy

1

2ð1� �Þð1� �Þ
¼

Z 1

0

�ðtÞ 1� qðtÞð Þdt, ð33Þ

where q is the solution of the initial-value problem (6). Then

Re

Z 1

0

��,	ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0, �4 0,

Re

Z 1

0

�0,�ðtÞt
1=��1 h0ðtzÞ �

1� t

ð1þ tÞ3

� �
dt4 0, � ¼ 0,

8>>><
>>>:

if and only if V�( f ) is in CV for f2W�(�, �). The conclusion does not hold for smaller

values of �.

Remark 1 Theorems 6.1 and 6.2 yield several known results.

(1) Taking � ¼ 0 and �4 0, Theorem 6.1 leads to Theorem 2.4 obtained by

Balasubramanian et al. in [10, p. 6, (�¼ 0)] for the case �2 [1/2, 1], and to

Theorem 2 obtained by Ali and Singh in [2] and Theorem 3 in [12, p. 916] for

the case �¼ 0, �¼ 1.
(2) Taking � ¼ 0 and �4 0, Theorem 2.5 leads to Theorem 2.5 obtained by

Balasubramanian et al. in [10, p. 7, (�¼ 0)] for the case �2 [1/2, 1], and it

reduces to Theorem 3 obtained by Ali and Singh in [2] in the case �¼ 0, �¼ 1.

For the case �¼ 1þ 2�, Theorem 6.2 reduces to the following result.

COROLLARY 6.3 Let f2W�(1þ 2�, �)¼R�(�), � � 0, and let �5 1 satisfy (33).

Assume �� is defined by (10) and �� is defined by (18). Then

Re

Z 1

0

��ðtÞ h0ðtzÞ �
1� t

ð1þ tÞ3

� �
dt4 0,

where h is given by (12), if and only if F(z)¼V�( f )(z) is in CV. The conclusion does not

hold for smaller values of �.

Choosing �(t)¼ (1þ c)tc, Theorem 6.2 leads to the following corollary.

COROLLARY 6.4 Let c4�1, �4 0, �5 1 and �5 1 satisfy

1

2ð1� �Þð1� �Þ
¼ ð1þ cÞ

Z 1

0

tc 1� qðtÞð Þdt,

where q is given by (6). If f2W�(�, �), then the function

V�ð f ÞðzÞ ¼ �zþ ð1� �Þð1þ cÞ

Z 1

0

tc�1f ðtzÞdt

20 R.M. Ali et al.1588
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belongs to CV provided

c � 2þ
1

�
�
1

	
, 	 � � � 1:

The value of � is sharp.

Additionally, using the sufficient condition (4.4) in Ali et al. [9, p. 816] leads to
the following result.

COROLLARY 6.5 Let c4�1, �5 1 and �5 1 satisfy

1

2ð1� �Þð1� �Þ
¼ ð1þ cÞ

Z 1

0

tc
1� gðtÞ

2

� �
dt,

where g is given by (32). If f2W�(�, �), then the function

V�ð f ÞðzÞ ¼ �zþ ð1� �Þð1þ cÞ

Z 1

0

tc�1f ðtzÞdt

belongs to S* provided

c �

1þ
1

�
, � � 1 ð�4 0Þ,

3�
1

�
, � ¼ 0, �2 ð0, 1=3	 \ ½1,1Þ:

8>><
>>:

The value of � is sharp.
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